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This e-book is a treatise on classical real Mathematical Analysis. It 

analyzes all the properties of real-valued functions, defined in sets of real 

numbers. It does not require prerequisites. The theoretical analysis is 

complete and is accompanied by a wide range of calculation examples. The 

e-book  is organized into 10 chapters, in which content is summarized below. 

 

 

Chapter 1 

 

This chapter 1 opens the study of the Mathematical Analysis. 

 

First of all, they are clarified some basic principles of the mathematical 

logic. Still preliminarily, the significance of the main symbols used in the 

discipline (as ∈, ∉, ⊆, ⊂,∪,∩, ∃, ∶, ⇒, ⇔, ∅) is clarified. 

The study begins by defining the set and the operations on sets. After that, 

there are given the definitions of cover, partition, Cartesian product. 

After such basic definitions, there are defined the relations on sets. Particular 

attention is devoted to equivalence relation (and to quotient set) and to 

partial or total order relation. For ordered sets, there are given the 

definitions of upper bound, lower bound, max, min, least-upper-bound 

property, inf. 

After that, it is defined the function, also called single-valued relation or 

mapping or transformation or operation or correspondence or application. 

Still, there are defined the reversible function, the inverse function, the one 

to one (or biunique) correspondence, the restriction function, the extension 

function, the composite function, the characteristic function. In particular, 
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the ono to one function allows to define the equivalent sets, the finite set, the 

infinite set, the denumerable (or enumerable) set, the countable set. 

The basic study of sets is completed by giving some useful definitions and 

properties of the algebra of sets. Precisely, after the definition of field, there 

are detailed the field axioms and all the statements which they imply. 

Afterwards, there are given the definition of ordered field and all the 

statements which it implies. 

The study of sets is completed by the construction of the most important set, 

that is the real number set ℝ. Such construction can be performed only using 

the set theory. However, the real number set is often constructed beginning 

by the natural number set ℕ = {1,2,3, … }. In such way, the definition and 

the properties of ℕ are assumed axiomatically, as primitive notions. After 

that, the natural number set is provided with the laws of addition and 

multiplication, and with the order relation. 

Using ℕ as foundation, we can build a new set 𝑄, called rational number set, 

which can be considered an extension of ℕ. Preliminary, it is appropriate to 

build the set 𝑄+, called positive rational number set. For this purpose, we 

provide ℕ × ℕ with the equivalence relation 

𝑅 = {((𝑛1, 𝑛2), (𝑚1, 𝑚2)) ∈ (ℕ × ℕ) × (ℕ × ℕ): 𝑛1𝑚2 = 𝑛2𝑚1}. 

In doing this, to indicate the generic ordered pair of natural numbers (𝑛, 𝑚), 

usually you prefer to use the 
𝑛

𝑚
 notation. The equivalence relation 𝑅 divide 

ℕ × ℕ into equivalence classes, in such a way that 
𝑛1

𝑛2
≡

𝑚1

𝑚2
 if and only if 

𝑛1

𝑛2
 

and 
𝑚1

𝑚2
 belong to the same class. The family of all such equivalence classes 

is a family of nonvoid pairwise disjoint sets and its union is ℕ × ℕ and then 

is a partition of ℕ × ℕ (called the quotient set of ℕ × ℕ). Well, 𝑄+ is defined 
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as such quotient set. It is provided with the laws of addition and 

multiplication and with an order relation. From 𝑄+ we can build a new set 𝑄 

(containing 𝑄+), which we call rational number set. Analogously, we can 

build a new set 𝛪 (containing 𝛪+), which we call integer number set. 

Precisely, we create a new number 0 called zero, distinct from the positive 

rational numbers. We also create numbers which are distinct from the 

rational positive numbers as well as distinct from zero, and which we call 

negative rational numbers. The set consisting of all negative rational 

numbers, is denoted by 𝑄−. We call rational number set, and denote by 

𝑄, the set consisting of all positive rational numbers, of 0, and of all negative 

rational numbers. We call integer number set, and denote  𝛪, the set 

consisting of all positive integer numbers, of 0, and of all negative integer 

numbers. Obviously 𝛪 ⊂ 𝑄. 𝑄,  provided with the laws of addition and 

multiplication and with an useful order relation, is an ordered field. 

The set 𝑄, although it is an orderly field, has serious insufficiencies. 

The most insufficiency of 𝑄 is the lack of completeness. Precisely, we prove 

that 𝑄 has not the least-upper-bound property, also called the completeness 

property. The completeness is the fundamental property that makes possible 

the Mathematical Analysis. For this reason, it was created from 𝑄 a new 

number set, called real number set, and denoted ℝ (or ]−∞, +∞[). One of 

the ways to create ℝ is due to Dedekind. He called cut, or real number, any 

nonempty subset 𝑥 of 𝑄 such that (𝑝 ∈ 𝑥, 𝑞 ∈ 𝑄,   𝑞 < 𝑝) ⇒ (𝑞 ∈ 𝛼) and 

 (𝑝 ∈ 𝑥) ⇒ (∃𝑟 ∈ 𝛼 such that 𝑝 < 𝑟). About the order relation on ℝ, we say 

that 𝑥 is less than 𝑦 (or that 𝑦 is greater than 𝑥) and we write 𝑥 < 𝑦 (or 𝑦 >

𝑥) if 𝑥 is a proper subset of 𝑦. After that, we prove that the ordered set ℝ has 

the least-upper-bound property. Moreover, providing ℝ with suitable 
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operations of addition, multiplication, subtraction, division, we can 

demonstrate that ℝ is a complete ordered field. To complete the study of  ℝ,  

we demonstrate its Archimedean property and define the rational real 

numbers, the irrational real numbers, the absolute value of a real number 

(and detail its properties). 

It is convenient to adjoin to ℝ two new elements, which are not real numbers. 

These objects, called infinity and minus infinity, are respectively denoted +∞ 

(or simply ∞) and −∞ . The set [−∞, +∞] = ℝ ∪ {−∞, +∞} is called the 

extended real number set. We provide it with an order and with operations 

of addition and of multiplication. 

As useful tools, there are defined  

o the open interval ]𝑎, 𝑏[ having left endpoint 𝑎 and right endpoint 𝑏 

o the closed interval [𝑎, 𝑏] having left endpoint 𝑎 and right endpoint 𝑏 

o the integral power of a real number (with the detail of its properties) 

o the n-th root of a real number 

o the factorial of 𝑛 ∈ ℕ ∪ {0} 

o the  binomial coefficient (
𝑛
𝑘

), 

there are proven  

o the Newton’s binomial formula 

o the density of 𝑄 in ℝ 

and it is discussed the representation (in various bases) of the numbers. 

 Another important number set is the set consisting of all ordered pairs 

of real numbers, called complex number Set. This set, provided with suitable 

operations of addition and multiplication, is a field. However, it cannot be 

ordered. Then, it makes no sense to talk about inequalities between complex 

numbers. 
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Introducing the imaginary unit 𝑖, any complex number (𝑎, 𝑏) can take the 

algebraic form 𝑎 + 𝑖𝑏, where 𝑎 is called the real part and 𝑏 is called the 

imaginary part. After that, for any complex number there are given the 

definitions of complex conjugate and of absolute value (or modulus). 

There is also another form of complex numbers, very much employed in 

various sectors of Engineering. It is called trigonometric form of the complex 

number. Precisely, with each complex number 𝑧 = 𝑎 + 𝑖𝑏 we associate a 

point with rectangular coordinates 𝑎 and 𝑏 in the complex plane. The 𝑥-axis 

along which 𝑎 is reckoned is called real axis (or the axis of reals) and the 𝑦-

axis along which 𝑏 is reckoned is called imaginary axis (or the axis of 

imaginaries). Denoting by 𝜚 the length of the radius vector of the point 𝑧 and 

by 𝜗 (for 𝑧 ≠ 0) the angle (expressed in radians) formed by the radius vector 

with the positive half-axis 𝑥 we clearly have 𝑎 = 𝜚 cos 𝜗 , 𝑏 = 𝜚 sin 𝜗 ,  𝜚 =

√𝑎2 + 𝑏2 ≥ 0. Hence, since 𝑧 = 𝑎 + 𝑖𝑏, we have  𝑧 =  𝜚(cos 𝜗 +

𝑖 sin 𝜗) = [ 𝜚, 𝜗].  The trigonometric form allows to perform in a very 

simple way the operations of multiplication, division, calculation of integral 

power, calculation of 𝑛th roots. In particular, there are given all the 𝑛th 

complex roots of the positive real unit. 

 

 

Chapter 2 

 

In this chapter 2, the study consists of four sections. 

 

In the first section, we define the matrices and study their properties. 
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Preliminary, we introduce the vector (or linear) space X over a field K, by 

providing X with a suitable binary operation, called addition, and with a 

suitable operation called scalar multiplication. Such operations must obey 

two distributive laws. The elements of X are called vectors (or points), while 

the elements of K are called scalars. If K=R, X is called real vector (or linear) 

space. A very important example of vector space over a field is the vector 

space 𝑅𝑛 over the real field. For the vector space 𝑅𝑛 over the real field we 

define: 

o the linear combination of vectors  

o vectors linearly independent 

o vectors linearly dependent 

and underline their properties. Moreover, we define the dimension and the 

basis of such real vector space. 

After that, in the first section we define and underline the properties of 

o the rectangular real matrix  

o the square real matrix of order n 

o some particular matrix (column matrix, row matrix, diagonal matrix, 

unit matrix, upper triangular matrix, lower triangular matrix, transpose 

matrix, symmetric matrix, skew-symmetric matrix) 

o the sum (or addition) of two matrices  

o the product (or multiplication) of a matrix by a real number 

o the product (or multiplication) of two rectangular matrices  

o the invertible matrix and the inverse matrix 

 

In the second section, we define the determinants and study their 

properties. Preliminary, we introduce the combinatorial analysis. We define 
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and underline the properties of the k-combination , the k-disposition , the 

permutation , the inversion (both even and odd) of a permutation. 

After that, in the second section we define and underline (also with 

examples) the properties of the determinant of order n, the determinant of a 

singular matrix, the determinant of a non-singular matrix, the rule of Sarrus, 

the minor of a determinant of order n, the complementary minor, the 

algebraic complement of a minor determinant, the rank of a rectangular 

matrix, the rank of the transpose matrix, the adjoint matrix of a square matrix. 

Moreover, we study the determinant of the transpose matrix, the sufficient 

conditions to annul a determinant, the determinant of the matrix sum, the 

determinant of the matrix product, the rule of Laplace to calculate a 

determinant, the linear dependence (or independence) of the rows (or 

columns) of a square matrix.  

 

In the third section, we define and study the properties of the linear 

equation systems, the matrix of coefficients of the system, the column of the 

known terms, the column of the unknowns, the augmented matrix, the 

consistent (or inconsistent) linear equation system, the homogeneous linear 

equation system. Moreover, we demonstrate, to solve a linear equation 

system, the rule of Cramer, the theorem of Rouché – Capelli, the elimination 

procedure of Gauss. 

 

In the fourth section, we present another important problem of the 

matrix theory: the eigenvalue problem. Such problem occurs in various 

problems of Geometry, Mechanics, Astronomy, Physics. We define and 

study the properties of the eigenvalues of a square matrix, the characteristic 
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equation (also called secular equation) of a square matrix, the characteristic 

polynomial of a square matrix, the eigenvectors of a square matrix.    

 

 

Chapter 3 

 

In this chapter 3, the study consists of two sections. 

 

In the first section, we define and study the properties of 

o the metric space by introducing the distance function (or metric) 

o the open ball and the closed ball of a metric space 

o the center and the radius of the ball 

o the bounded subset of a metric space 

o the interior point of a subset of a metric space 

o the open subset of a metric space 

o the neighborhood of a point of a metric space  

o the boundary point of a subset of a metric space 

o the accumulation point (or limit point) of a subset of a metric space 

o the isolated point of a subset of a metric space 

o the closed subset of a metric space 

o the closure of a subset of a metric space 

o the perfect subset of a metric space 

o the dense subset of a metric space 

o the open cover of a subset of a metric space 

o the compact subset of a metric space. 

 

In the second section, we study the particular metric space ℝ. We 
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define and underline the properties of 

o the open interval, closed left and open right interval, open left and 

closed right interval, closed interval, open left interval, closed left 

interval, open right interval, closed right interval 

o the neighborhood of the symbol +∞ , the neighborhood of the symbol 

−∞   

o the accumulation point +∞ , the accumulation point −∞ . 

After that, in the second section we study the particular metric space ℝ𝑛 

where 𝑛 > 1. We define and underline the properties of 

o the open 𝑛 −cell (or open 𝑛 −rectangle), the closed 𝑛 −cell (or closed 

𝑛 −rectangle) 

o the center and the half-dimensions of the 𝑛 −cell  

o the segment of ℝ𝑛 

o the convex subset of ℝ𝑛 

o the polygonal of ℝ𝑛 

o the connected subset of ℝ𝑛. 

 

 

Chapter 4 

 

In this chapter 4, the study consists of three sections. 

 

In the first section, we define and study the properties of the sequences 

of real numbers. In particular: 

o the convergent sequence 

o the positively divergent sequence 

o the negatively divergent sequence 
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o the uniqueness of the limit 

o the dominating sequences 

o the sign permanence 

o the monotonic sequences 

o the operations on limits 

o the indeterminate forms 

o the subsequences 

o the upper limit 

o the lower limit 

o the Cauchy sequences 

o the number e. 

 

In the second section, we define and study the properties of the series 

of real numbers. In particular: 

o the convergent series 

o the positively divergent series 

o the negatively divergent series 

o the Cauchy criterion for convergence 

o the geometric series 

o the series of nonnegative terms 

o the ratio criterion 

o the root criterion 

o the Leibnitz criterion 

o the absolute convergence. 

 

In the third section, we define and study the properties of the 

sequences of k-tuples of real numbers. In particular: 
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o the convergent sequences 

o the uniqueness of the limit 

o the subsequences 

o the bounded sequences 

o the Cauchy criterion.  

 

 

Chapter 5 

 

In this chapter 5, the study consists of  four sections. 

 

In the first section, we define and study the limits of real functions of 

one real variable, i.e. of functions defined in a subset of ℝ , whose values 

belong to ℝ . In particular: 

o the upper bound and the lower bound 

o the maximum and the minimum 

o the supremum (or least upper bound) and the infimum (or greatest 

lower bound) 

o the symbols infinity and minus infinity 

o the point of accumulation  

o the limit of a function in a point (at finite or at infinity) 

o function that converges in a point, function that positively diverges in 

a point, function that negatively diverges in a point, function regular 

in a point 

o equivalent formulations of definition of limit 

o uniqueness of the limit 

o the sign permanence 
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o left-hand and right-hand limit 

o function monotonically decreasing, function monotonically increasing 

o limit of a function monotonically decreasing, limit of a function 

monotonically increasing 

o limit of the inverse function 

o limit of the composite function 

o operations on limits 

o indeterminate forms 

o upper and lower limits 

o criterion of Cauchy for convergence  

o theorems of comparison on limits 

o infinitesimal (or infinitely small function), infinity (or infinitely large 

function) 

o order of an infinitesimal, order of an infinity. 

 

In the second section, we define and study the limits of real functions 

of several real variables, i.e. of functions defined in a subset of ℝ𝑛 , whose 

values belong to ℝ . In particular: 

o the function absolute value  

o the open ball of ℝ𝑛, 

o the interior point 

o the open set 

o the limit of a real function of several real variables 

o equivalent formulations of definition of limit 

o the limit of the absolute value function. 

  

In the third section, we define and study the continuity of real 
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functions of one real variable. In particular: 

o the continuous function in a point 

o the function continuous on its domain 

o functions continuous on a bounded closed interval  

o the continuity of the composite function 

o discontinuities 

o theorem of Weierstrass for functions continuous on compacts of ℝ 

o uniform continuity 

o theorem of Cantor for uniform continuity. 

 

In the four section, we define and study the continuity of real functions 

of several real variables. In particular: 

o the continuous function in a point 

o the function continuous on its domain 

o the continuity of the composite function 

o theorem of Weierstrass for functions continuous on compacts of ℝ𝑛 

o uniform continuity. 

 

 

Chapter 6 

 

In this chapter 6, the study consists of two sections. 

 

In the first section, we define and study the derivatives of real 

functions 𝑓 of one real variable, i.e. of functions defined in a subset of ℝ , 

whose values belong to ℝ . In particular: 

o the incremental quotient of 𝑓 
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o the derivative (or first derivative or differentiability) of 𝑓 

o the geometric interpretation of the derivative 

o differentiability and continuity 

o derivative of the functions sum, product, quotient 

o derivative of the composite function 

o derivative of the inverse function 

o derivatives and differentials of higher order 

o linearization of a differentiable function 

o mean value theorems 

o functions with null derivative 

o functions with derivative having constant sign 

o necessary conditions for 𝑓 to have a local extremum 

o sufficient conditions for 𝑓 to have a local extremum 

o functions concave (or convex) at a point 

o Taylor’s formula 

o point of inflexion for 𝑓 

o oblique (or horizontal or vertical) asymptote for 𝑓 

o functions convex in an interval 

o L’Hospital’s rule 

 

In the second section, we define and study the partial derivatives of 

a real function 𝑓 of several real variables, i.e. of a function defined in a 

subset of ℝ𝑛 , whose values belong to ℝ𝑛 . In particular: 

o the partial derivative of the first order 

o the partial derivative of order greater than 1 

o Schwarz’s theorem 

o differential of a function at a point 
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o function differentiable at a point 

o continuity of differentiable functions 

o linearization of a differentiable function 

o sufficient condition to differentiability 

o derivative of the composite function 

o directional derivative 

o local extrema 

o implicit functions. 

 

 

Chapter 7 

 

In this chapter 7, the study consists of four sections. 

 

 In the first section, we define and study the integration of real 

functions f of one real variable, defined in intervals. In particular: 

o the definite integral 

o the geometric interpretation of the definite integral  

o the basic properties of the definite integral  

o the mean value theorem 

o the fundamental theorem of the integral calculus 

o the change of variable 

o the integration by parts 

o the improper integrals. 

 

 In the second section, we define and study the curvilinear integral. In 

particular: 
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o the vector-valued functions of several real variables, their 

convergence, their continuity, their differentiability 

o the curves : the scalar parametric equations, the open regular curves, 

the closed regular curves, the open generally regular curves, the closed 

generally regular curves, the unit vector tangent, the length of a regular 

curve, the curvilinear abscissa, the curvature of a curve 

o the curvilinear integral, the properties of the curvilinear integral 

o the linear differential forms, the curvilinear integral of the linear 

differential forms 

o the circulation of a vector over a curve 

o the conservative vector fields. 

 

 In the third section, we define and study the multiple integral. In 

particular: 

o the measurable sets  

o the single-borderline regular plane domains, the (m+1)-borderlines 

regular plane domains, the plane regular domains normal with respect 

to x-axis 

o the double integral, the basic properties of the double integral, the 

Fubini’s theorem, the Gauss’ formula, the divergence theorem, the 

change of variables in double integrals 

o the integration over non-bounded domains 

o the triple integrals. 

 

 In the fourth section, we define and study the surface integral. In 

particular: 
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o the regular surfaces, the plane tangent to a regular surface, the normal 

to plane tangent, the area of a regular surface 

o the surface integral 

o the Stokes’ theorem, the vector version of the Stokes’ theorem. 

 

 

Chapter 8 

 

In this chapter 8, the study consists of two sections. 

 

In the first section, we define and study the properties of the sequences 

of real functions. In particular: 

o the convergence 

o the uniform convergence 

o the Cauchy criterion 

 

In the second section, we define and study the properties of the series 

of real functions. In particular: 

o the convergence 

o the uniform convergence 

o the Cauchy criterion  

o the series of continuous functions 

o the series of integrable functions 

o the series of differentiable functions 

o the absolutely convergent series 

o the power series 

o the Taylor series 
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o the Fourier series. 

 

 

Chapter 9 

 

In this chapter 9, the study consists of two sections. 

 

In the first section, we define the elementary functions and study their 

properties: 

o the power function with integer exponent 

o n-th root function 

o exponential function 

o logarithm function 

o power function with non-integer real exponent 

o trigonometric functions 

o inverse trigonometric functions 

o hyperbolic functions. 

 

In the second section, we execute calculations by elementary 

functions. In particular, calculus of: 

o limits 

o ordinary derivatives 

o partial derivatives 

o definite integrals 

o multiple integrals 

o curvilinear integrals 

o surface integrals. 
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Chapter 10 

 

In this chapter 10, the study consists of two sections. 

 

In the first section, we define the first order ordinary differential 

equations and study their properties: 

o separable differential equations 

o linear differential equations 

o complete differential equations 

o homogeneous differential equations 

o general integral of linear differential equations. 

 

In the second section, we define the ordinary differential equations of 

order greater than 1 and study their properties: 

o problem with initial conditions 

o linear differential equations 

o complete differential equations 

o homogeneous differential equations 

o Wronskian 

o independent integrals 

o general integral of linear differential equations 

o Lagrange’s theorem 

o linear differential equations with constant coefficients. 

 

 

 


